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In this work, we investigate and discuss Weierstrass-type functions℘2k to the power ofm,
and then derive a general formula for identities among them. Applications of this general
formula include not only producing many of the familiar identities among Weierstrass-
type functions, but also infinitely many new ones. Moreover, it is observed that new
Bernoulli identities could be constructed systematically by means of the new identities
among Weierstrass-type functions.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
Let
Ω :=
{
m1z1 +m2z2 : z1, z2 ∈ C \ {0}, z1z2 6∈ R and m1,m2 ∈ Z
}
(1)
be a lattice in C. Also let
Ω∗ := Ω \ {0}.
The Weierstrass-type functions ℘2k defined by
℘2k(u) := 1u2k +
∑
Ω∗
(
1
[u− (m1z1 +m2z2)]2k
− 1
(m1z1 +m2z2)2k
)
(k ∈ N := {1, 2, 3, . . .}) (2)
are Mittag-Leffler meromorphic functions in the complex u-plane and have poles of 2k-th order at the points of Ω∗. All of
them are doubly-periodic with periods z1 and z2. When k = 1, ℘2(u) is the same as the familiar Weierstrass ℘-function. In
order to simplify our results, we define
℘0 := 1.
By a remarkably close consideration, our first result in this work (see Theorem 1) will give an explicit and general
expression for the nonpositive orders of Laurent series of℘m2k. Theorem2, on the other hand,will provide the general formula
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for identities among Weierstrass-type functions. In applications, we explain and show how to derive known identities or
infinitely many new ones as propositions and illustrative examples. Finally, once the new identity amongWeierstrass-type
functions has been found, the corresponding new Bernoulli identity could also be constructed systematically. Of course,
some old and familiar identities are being included in our present investigation.
2. Preliminary notation and results involving theWeierstrass-type functions, Eisenstein series and Bernoulli numbers
We begin by setting
Gr(z1, z2) =
∑
Ω∗
1
(m1z1 +m2z2)r (r ∈ N \ {1, 2}; Ω
∗ := Ω \ {0}). (3)
Such sums as Gr(z1, z2) given by (3) are called Eisenstein series. In fact, for these Eisenstein series, we have
Gr(z1, z2) = 0 (r = 3, 5, 7, . . .) and lim
λ→∞G2k(2pi, iλ) = (−1)
k+1 B2k
(2k)! . (4)
For
|u| < min
Ω∗
|m1z1 +m2z2|,
we have the following expansion of ℘2k(u) in a Laurent series (see, for details, [1]):
℘2k(u) = 1u2k +
∞∑
n=1
(
n+ 2k− 1
2k− 1
)
Gn+2kun. (5)
For the familiar Bernoulli numbers (see, for details, [2, p. 59 et seq.]; see also the recent works [3–5])
Bk (k ∈ N0 := N ∪ {0}; N := {1, 2, 3, . . .})
defined by
z
ez − 1 =
∞∑
k=0
Bk
zk
k! (|z| < 2pi), (6)
it is well known that
B0 = 1, B1 = −12 and B2k+1 = 0 (k ∈ N). (7)
Furthermore, the first eight Bernoulli numbers of even orders are given by
B2 = 16 , B4 = −
1
30
, B6 = 142 , B8 = −
1
30
,
B10 = 566 , B12 = −
691
2730
, B14 = 67 and B16 = −
3617
510
. (8)
3. Explicit expressions for nonpositive orders of Laurent series of ℘m2k
Theorem 1. For k ∈ N0 and `,m ∈ N, let
˜` =
⌊
km
k+ 1
⌋
in terms of the Gauss notation b c. Suppose also that
w = k(m− `)− `+ 1 (` 5 ˜`).
Then
℘m2k(u) =
1
u2km
+
˜`∑
`=1
(m
`
){ ∑
i1+···+iw=`
`!
i1! · · · iw! ·
w∏
n=1
[(
2n+ 2k− 1
2k− 1
)
G2n+2k
]in
u−2M
}
+ O(u2)
(|u| < min
Ω∗
|m1z1 +m2z2|), (9)
where the exponents M given by
M := k(m− `)−
w∑
n=1
nin
are nonnegative integers.
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Proof. By means of the Laurent expansion (5) and the binomial expansion:
(1+ z)m = 1+
m∑
`=1
(m
`
)
z`,
we have
℘m2k(u) =
1
u2km
(
1+
∞∑
n=1
G2n+2ku2n+2k
)m
= 1
u2km
1+ m∑
`=1
(m
`
)[ ∞∑
n=1
(
2n+ 2k− 1
2k− 1
)
G2n+2ku2n+2k
]` .
By writing
∞∑
n=1
=
w∑
n=1
+
∞∑
n=w+1
,
we define
A :=
w∑
n=1
(
2n+ 2k− 1
2k− 1
)
G2n+2ku2n+2k
and
B :=
∞∑
n=w+1
(
2n+ 2k− 1
2k− 1
)
G2n+2ku2n+2k.
We also set
A` :=
∑
i1+···+iw=`
`!
i1! · · · iw!
w∏
n=1
[(
2n+ 2k− 1
2k− 1
)
G2n+2ku2n+2k
]in
,
so the power of A` is precisely as follows:
w∑
n=1
(2kin + 2nin).
Then
℘m2k(u) =
1
u2km
1+
[
m∑
`=1
(m
`
)
(A+ B)
]`
= 1
u2km
+ 1
u2km
m∑
`=1
(m
`
)
A` + 1
u2km
m∑
`=1
(m
`
)(∑`
j=1
A`−jBj
)
.
Again, by writing
m∑
`=1
=
˜`∑
`=1
+
m∑
`=˜`+1
,
we find that
℘m2k(u) =
1
u2km
+ 1
u2km
˜`∑
`=1
(m
`
)
A` + 1
u2km
m∑
`=˜`+1
(m
`
)
A` + 1
u2km
m∑
`=1
(m
`
)(∑`
j=1
A`−jBj
)
. (10)
First of all, by the definition of℘2k(u), theremust be a constant term (that is, u0) in the expansion of℘m2k(u) given by (10).
Secondly, for given integers k ∈ N andm ∈ N \ {1}, we choose ˜`, w, i1, iw as follows:
˜` =
⌊
km
k+ 1
⌋
, w = k(m− `)− `+ 1, i1 = `− 1, i2 = · · · = iw−1 = 0 and iw = 1.
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This shows that the following sum:
u−2km
m∑
`=˜`+1
(m
`
)
A`
must contain the u0 term.
Finally, when ` = ˜` + 1, we estimate the power of A` as follows:
−2km+
w∑
n=1
(2kin + 2nin) = −2km+ 2k`+
w∑
n=1
2nin
= −2km+ 2k`+ 2` = −2km+ 2(k+ 1)`
> −2km+ 2(k+ 1) km
k+ 1 = 0.
This implies that the powers of u in the following sum:
u−2km
m∑
`=˜`+1
(m
`
)
A`
in (10) are not less than 2. And thus the powers of u in the following sum:
u−2km
m∑
`=1
(m
`
)(∑`
j=1
A`−jBj
)
in (10) are not less than 2 either. Hence our assertion in Theorem 1 holds true. 
4. Infinitely many identities among Weierstrass-type functions
By using Theorem 1, the most important result in this work will now be proven.
Theorem 2. Under the same assumptions as in Theorem 1,
℘m2k(u) = ℘2km(u)+
˜`∑
`=1
(m
`
) ∑
i1+···+iw=`
`!
i1! · · · iw! ·
w∏
n=1
[(
2n+ 2k− 1
2k− 1
)
G2n+2k
]in
℘2M , (11)
where (as before)
M = k(m− `)−
w∑
n=1
nin.
Proof. Suppose that
F(u) = ℘m2k(u)− ℘2km(u)−
˜`∑
`=1
(m
`
) ∑
i1+···+iw=`
`!
i1! · · · iw! ·
w∏
n=1
[(
2n+ 2k− 1
2k− 1
)
G2n+2k
]in
℘2M .
Then, from Theorem 1, we get
F(u) = O(u2) (|u| < min
Ω∗
|m1z1 +m2z2|),
which implies that F(u) is regular at u = 0. Moreover, F(u) is doubly-periodic with z1 and z2, since every ℘2m is
doubly-periodic with z1 and z2. This shows that F(u) is regular in the whole complex u-plane. Hence F(u) is bounded in the
compact fundamental parallelogram and, thus, bounded in the whole complex u-plane. By Liouville’s theorem, the bounded
entire function F(u)must be constant. Since F(0) = 0, the proof of Theorem 2 is completed. 
5. Applications
Upon setting k = 1 in (11), we are led easily to the following result.
Proposition 1. The following identity among Weierstrass-type functions holds true:
℘m2 = ℘2m(u)+
˜`∑
`=1
(m
`
) ∑
i1+···+iw=`
`!
i1! · · · iw!
w∏
n=1
[(2n+ 1)G2n+2]in ℘2M , (12)
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where
˜` =
⌊m
2
⌋
, w = m− 2`+ 1 and M = m− `−
w∑
n=1
nin.
By settingm = 2 in (11), we readily obtain the following result.
Proposition 2. The following identity among Weierstrass-type functions holds true:
℘22k = ℘4k + 2
k∑
n=1
(
2n+ 2k− 1
2k− 1
)
G2n+2k℘2k−2n(u). (13)
As a matter of fact, we have derived infinitely many identities amongWeierstrass-type functions in Propositions 1 and 2
above. These identities amongWeierstrass-type functions include not only some familiar ones treated in [1], but also many
more new results. We explain and illustrate this observation in the following examples.
Example 1. If we setm = 2 in Proposition 1, then ˜` = 1 and
` w i1
∑
n nin M
1 1 1 1 0
Therefore, we have
℘22 (u) = ℘4(u)+ 6G4℘0(u) = ℘4(u)+ 6G4. (14)
Example 2. Form = 3 in Proposition 1, ˜` = 1 and
` w i1 i2
∑
n nin M
1 2 1 0 1 1
0 1 2 0
Therefore, we have
℘32 (u) = ℘6(u)+ 9G4℘2(u)+ 15G6. (15)
Example 3. Whenm = 4 in Proposition 1, we find that ˜` = 2 and
` w i1 i2 i3
∑
nin M
1 3 1 0 0 1 2
0 1 0 2 1
0 0 1 3 0
2 1 2 – – 2 0
Therefore, we have
℘42 (u) = ℘8(u)+ 12G4℘4(u)+ 20G6℘2 + 28G8 + 54G24. (16)
Example 4. (i) If we set k = 1 in Proposition 2, then again we get
℘22 (u) = ℘4(u)+ 6G4℘0(u) = ℘4(u)+ 6G4.
(ii) If we set k = 2 in Proposition 2, then
℘24 (u) = ℘8(u)+ 20G6℘2(u)+ 70G8. (17)
(iii) If we set k = 3 in Proposition 2, then
℘26 (u) = ℘12(u)+ 42G8℘4(u)+ 252G10℘2 + 924G12. (18)
Eqs. (13) to (17) have covered all of the cases treated in [1]. Theorem 2 could, therefore, be viewed as providing a general
formula in this sub-class. Nevertheless, there still exist new identities as, for example, the identity in Eq. (18). In our earlier
investigation [1], we have also shown that, oncewe get an identity amongWeierstrass-type functions, we can then construct
a Bernoulli identity systematically. Already, very many new identities among Weierstrass-type functions have been found.
It will indeed be easy to derive new Bernoulli identities among Weierstrass-type functions. For example, by using Eq. (18),
we get a new Bernoulli identity as given below.
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Proposition 3. The following expression of B2n as a sum of products of lower-order Bernoulli numbers in two terms holds true:∑
m+`=n
m,`∈N\{1,2,3}
(2n− 12)!
5!(2m− 6)!5!(2`− 6)!
B2m
2m
B2`
2`
=
(
2
5!(2n− 6) · · · (2n− 11) −
1
11!
)
B2n
2n
+ 7
30
B2n−8
2n− 8 +
215
11
B2n−10
2n− 10 . (19)
Proof. Consider the following relations:
u12℘12(u) = 1+
∞∑
n=1
(
2n+ 11
11
)
G2n+12u2n+12 = 1+
∞∑
n=7
(
2n− 1
11
)
G2nu2n,
42G8u12℘4(u) = 42G8u8 + 42G8u8
∞∑
n=1
(
2n+ 3
3
)
G2n+4u2n+4
= 42G8u8 +
∞∑
n=7
42
(
2n− 9
3
)
G8G2n−8u2n,
252G10u12℘2(u) = 252G10u10 +
∞∑
n=2
252(2n− 1)G10G2nu2n+10
= 252G10u10 +
∞∑
n=7
252(2n− 11)G10G2n−10u2n,
u6℘6(u) = 1+
∞∑
n=4
(
2n− 1
5
)
G2nu2n
and
[
u6℘6(u)
]2 = 1+ ∞∑
n=4
2
(
2n− 1
5
)
G2nu2n +
[ ∞∑
n=4
(
2n− 1
5
)
G2nu2n
]2
= 1+
∞∑
n=4
2
(
2n− 1
5
)
G2nu2n +
∞∑
n=8
 ∑
m+`=n
(m,`∈N\{1,2,3})
(
2m− 1
5
)(
2`− 1
5
)
G2mG2`
 u2n.
Upon substituting from the above equations into Eq. (18), if we consider the coefficients of u2n for integers n = 8, take
lim
λ→∞G2k(2pi, iλ)
on both sides and use the property of G2k(z1, z2), we obtain
(−1)m+`+2
∑
m+`=n
(m,`∈N\{1,2,3})
(
2m− 1
5
)(
2`− 1
5
)
B2m
(2m)!
B2`
(2`)! =
[(
2n− 1
11
)
− 2
(
2n− 1
5
)]
(−1)n+1 B2n
(2n)!
+ 42
(
2n− 9
3
)(
− 1
30
)
(−1)n−3 B2n−8
(2n− 8)! + 252(2n− 11)
(
5
66
)
(−1)n−4 B2n−10
(2n− 10)! .
After some calculations, the assertion (19) of Proposition 3 is seen to hold true. 
6. Concluding remarks and observations
There are various kinds of Bernoulli identities discussed by Euler and Ramanujan (see, for example, [6–11,1,12,3–5]), and
others (see also [2]). The calculations of Bernoulli identities are based upon some kinds of identities among such functions
as those involving Bernoulli polynomials, Zeta functions, Weierstrass ℘-functions, Weierstrass-type functions, and so on.
This means that the greater the number of identities among these functions that could be produced, the greater the number
of kinds of Bernoulli identities that would be found. Therefore, the contribution of Theorem 2 is unequivocal, since infinitely
many new identities among Weierstrass-type functions have been and can be found by applying Theorem 2. Besides, our
method and technique for producing newBernoulli identities amongWeierstrass-type functions systematicallywouldmake
this work self-contained, especially for analogous further investigations by interested readers.
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